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390. 


THEOREM RELATING TO THE FOUR CONICS WHICH TOUCH 
THE SAME TWO LINES AND PASS THROUGH THE SAME 
FOUR POINTS. 


[From the Quarterly Journal of Pure and Applied Mathematics, vol. vitt. (1867), 
pp. 162—167.] 


THE sides of the triangle formed by the given points meet one of the given lines 
in three points, say P, Q, R; and on this same line we have four points of contact, 
say A,, A,, A;, A,; any two pairs, say A,, A,; As, A, form with a properly selected 
pair, say Q, R, out of the above-mentioned three points, an involution; and we have 
thus the three involutions 


(A,, a; As, Ay; Q, B) 
(4. Ay Ba Ag’ BP), 
CASAIS “Ag? ays PG): 
To prove this, let «=0, y=0 be the equations of the given lines, and take for 
the equations of the sides of the triangle formed by the given points 
bet+ay-—ab =), 
Va+a y-a bl’ =0, 
b’e2+a"y—a"b’=0: 
the equation of any one of the four conics may be written 


iaoei oi WR BAA ote ARB x 09g 
ox +ay—ab Vat+ay—abl’ b’ata’y—-a'b” ’ 
and if this touches the axis of æ, say at the point æ= a, then we must have 


La L'a Ka” rA K (@ rh a)? 


a-a tr “2—a" (a—a)(w—a)(a—a")’ 
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or, assuming as we may do, K=—(a’—«a’”)(a’—«a)(a—a@), this gives 

La =(a —af(« —a’), 

L a =(a’ Laf (a >a ), 


L'a! = (dé! a) (a =n. ) 
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But in the same manner, if the conic touch the axis of y, say at the point y=8, 


we have 
Lb =(b —BY(v —b”), 
L'Y =(b' -BPW —b ), 
L” =(b" —BY(b -v ); 
and thence 
b(a—a) (a — a") : U (a —a)(a”—a) : bd” (a”-ay(a-@) 
=q (b -8f (V — b”) : a (b — BF (b” — b) : a” (” — BF (b — 0’). 
Putting 
P =ab (€ -a’)(v -b”, 
P’ =a'b’ (a” —a )(b” —b ) 
P” =a'b" (a —a’')(b —0’), 
we have 
P , P Mi , tr , ” ” , 
(a—aP =: (a -a n: (a aa aA A By (V — b’y : V — By (b” -bY : (6”-— BY (b-b; 
and thence 
(a— a) we : (a — a) vie rs da ) 


= (b— p) (V — b") : (6 — B) (b" — b) : (6° — B)(b—b’, 
which gives 


(a —a) — 0, 
and we have in like manner 
6-0 P w BY O46 aE <0, 


but the first of these equations is alone required for the present purpose. 


for shortness 
P=@2, P’ = aX’, P” = aX", 
the equation is 


(a— a) / (X)+(a' — a) V(X) + (a” — a) v (X”), 
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and by attributing the signs + and — to the radicals, we have, corresponding to the 
four conics, the equations 
(a — m%) / (X) + (a’ — a)y (X^) + (a — a)y (X”) =, 
— (a — a) y (X) + (a! — &) V (X°) + (a” — a) v (X") = 0, 
(a — a3) / (X) — (a! — a) V(X") + (a” — æ) y (X”) = 0, 
(a — a) v (X) + (~ — a) y (X°) — (a” — a) v (X") = 0, 


where @, d», 4, a, are the values of a for the four conics respectively. 


Eliminating a” we obtain the system of three equations 


(2a — a — a) / (X) + (a — a) (X’) + (a — @) y (X”) = 0, 
(@— a)y (X)+ (2a’— a -a)y (X’) + (a — a) / (X") = 0, 
(a, + aa = as — a) y (X) + (% +% — a — a) / (X^) + (a +a — a — a) / (X”) =0, 


and then eliminating the radicals we have 


2a — a — a, > Q — a > Q— =0, 
as — 0 , 2a’ — a, — @ , Q — 0 
Qi + Qs — As — Ay, i +A — A A, A+A a a; | 
which is in fact 
—4| 1, a+, aa |=0, 
1, &ata, a, 
l, a +a, aa 


as may be verified by actual expansion; the transformation of the determinant is a 
peculiar one. 


The foregoing result was originally obtained as follows, viz. writing for a moment 
an (X)+a' N (X) +a" V(X") = @, 
V(X)+ (X+ V(X")=29, 
the four equations are 
0 —a, d=0, 
@O-—a,PD=2(a —a)V/(X ), 
© —a, P=2(a’ -a)y (X’), 


@—a,P=2(a" -ajy (X”); 
these give 


(a —%)P=2(a —a) /(X ), 
(@ — &%) = 2 (a — a5) V(X"), 
(a, — a) ® = 2 (a” — a) y (X”). 
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From the last equation we have 


(a —%) B= 2{O—av (X) -—a’ y (X’)} — 2a, {b — Vf (X) — Vv (X)} 
=2 (am — a) D— 2 (a — a) V (X) — 2 (d — a) V(X); 
that is 
(@, — a) -—2 (a — a)y (X)—2 (a — a)y (X’')=0; 


or substituting for y (X), / (X’) their values in terms of ®, we find 


a, — a i Ae N/E TRIAL || 
1 4 a a, a — ds ? 


which may be written 


= —a 
a, — a — (a — a) (1 + = 2s) _ (a, — a) (1 +3—%) =o, 
that is pa ae 
Oy + Oy — tty ey SE RD) A Shs = fia), 
a— a a m= Qy 
or again 
Ag — a, Aa, — A a 
(a, a) (1+ =) + (a — a) (1+ S—) =0, 
that is 
a—a a’ —a 
(Oat he Pd a n e, 
or finally 


(a, — a) (a — a) (a — a) + (as — a) (a — a) (a’ — a) = 0, 


which is a known form of the relation 


l, a+a, aa |=0, 
iA a, + A4, a, 
l, a+ as, a% 


which gives the involution of the quantities a, a’; a, Q4; %, a. 


We have in like manner 
ie a’ as ns aa” = 0, 
l, Q+%, am 
l, a+a,, Gs, 
and 
L'a +a, ea i=, 
l, a +a, Ma, 


l, a +a, aa, 
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; ; : : A © sie 
which give the involutions of the systems a’, a”; a, Qz; @, a, and a”, @; &%, Qs) a, & 


respectively. 
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It may be remarked that the equation of the conic passing through the three 
points and touching the axis of æ in the point «=a is 
(a—ay(a’—a")b (~ -a}(a”-a)b _ (a”—a}(a—a)b” 
ba + ay — ab b'e+ay— ab votey-ee |” 


and when this meets the axis of y we have 


b , ” b , OW ela b” n 2 , 
aay (a —«a’) pe-a) (a” —a) PAG — af (a— a) 


$04) Aa T a E 


Hence, if this touches the axis of y in the s y=B8, the left-hand side must be 


$ (a—a¥ (a —a”)+ 2 (a’ — aF (a” — a) << E a} (a — «’)| (y— BY 
ROTATE BG SHG SUT: iaia 


and equating the coefficients of 3 , we have 
Paa} (d a") + (al ~a)*(a" —a) +, aa) (a2) 


= E (a—apP(a —a’)+ i (a —a)?(a” —a)+ (a” —av(a— «’)| (b +b +b” — 28), 
or what is the same thing, 


bet uD 


'— aF (a” — a) + b rey 


a (a—ay(a’—a’) + —a)(a—a’) 


b + tr i , 9 ti A t ; 
= 28 |E -aP (w-d) F(a’ -a 0" —0) + t (e"—a(a-a)], 
which gives 8 in terms of a, that is B,, Bz, Bs, B, in terms of a, a, a3, a respectively. 


Cambridge, 30 November, 1863. 
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